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We explore an emergent interpretation of the action integral and the Lagrangian in physics, and discuss
its connection with the concept of “amount of computation”. We give an abstract definition of action, and
argue (1) that it provides a general, model-independent characterization of “amount of computation”, and
that (2) the action of physics is a special case of this general action. Much as entropy quantifies the lack of
information one has about the state of a system, action quantifies the lack of information about the system’s
law—or, equivalently, its behavior. In this approach, action is to dynamics what entropy is to statics.

From given causes, effects are generated by nature in
the most efficient way. ...No natural action can be
abbreviated. [Leonardo]

An institution will grow until it uses up all available
resources. [Parkinson’s law]

Send a copy of this message to 16 friends, ...send a
dollar to the first four addresses in the list, and without
fail in two months you’ll be rich. [Ponzi et al.]

You want to get rich in one day? Mind that you don’t
end up hanged in one year. [Leonardo]

1 Introduction

What I would like to do here is to add a few strands to a
line of thought which threads through Lucian,! Huygens,
Laplace, Darwin, Boltzmann, Gibbs, Feynman, Chaitin,?
Jaynes, and Landauer. The theme is how much one can get
by conditioning, and the usual conclusion is that “there is
no such thing as a free lunch.”

We are taught to regard with awe the variational prin-
ciples of mechanics. There is something miraculous about
them that appeals to our innate teleological longings. And
something timeless too: the storms of relativity and quan-
tum mechanics have come and gone, but Hamilton’s prin-
ciple of least action still shines among our most precious
jewels.

But perhaps the reason that these principles have sur-
vived such physical upheavals is that they are not physical
principles after all! T will argue that they are the expres-
sion, in a physical context, of general principles about com-
putation, much as entropy is the expression, in the same
context, of general principles about information (cf. [6]).
More specifically, just as entropy measures, on a log scale,
the number of possible microscopic states consistent with

IThe second-century sophist Lucian of Samosata used to poke fun
at the Olympian gods. A “fundamentalist” of his time asked him,
“How can you doubt the power of the gods? Go to the shrine of such-
and-such goddess and see all the votive offering from sailors who,
caught in a storm, prayed the goddess and were saved!” “Go to the
bottom of the sea,” replied Lucian, “and see all the sailors who prayed
the goddess and were not saved!”

2] am aware that some of Chaitin’s concepts on algorithmic in-
formation theory had earlier been proposed by Kolmogorov, for one.
However, what I have in mind here is ideas like “You need a pound
of axioms to get a pound of theorems,” which go well beyond Kol-
mogorov’s motif.

a given macroscopic description, so I maintain that action
measures, again on a log scale, the number of possible mi-
croscopic laws consistent with a given macroscopic behav-
ior. If entropy measures in how many different ways you
could be in detail and still be substantially the same, then
action measures how many different recipes you could follow
in detail and still do substantially the same thing.

I also introduce an abstract, model-independent defini-
tion of computational capacity, which measures the power
of a computer in terms of the number of different functions
it can compute, and is the counterpart, in “information dy-
namics”, of the well-known channel capacity of information
theory (the latter seen as “information statics”). (In spite
of the occurence of similar terms, my approach is quite un-
related to the model-dependent one of [11].)

In terms of computational capacity, the Lagrangian den-
sity £ measures how degenerate the underlying physics
(seen as a fine-grained computing substrate) is; in other
words, for a given certain macroscopic law and a proposed
local macroscopic behavior, it counts how many different
microscopic trajectory segments are compatible with that
law, giving to each trajectory a weight inversely propor-
tional to the the number of alternative microscopic laws
that would have produced the same segment. As a conse-
quence, the action integral S of a proposed trajectory mea-
sures how demanding this trajectory is with respect to the
computational resources of the actual substrate; no won-
der that the least demanding proposals are the ones that
have the best chances of being accepted. In this light, the
principle of least action is not one of parsimony, but of
prodigality: a system’s natural trajectory is the one which
will hog the most computational resources, leaving only a
scrap to the potential “user” of the emergent dynamics.

If these arguments (which I give in only a sketchy way,
with evidence from a few special cases) are correct and
general, then the “principle of least action” is explained
as a combinatorial tautology, much as the “survival of the
fittest” and the “law of large numbers”.

Do not read me wrong. I am duly impressed by the enor-
mous power of these laws; but when I use them I want to
know where it is that they get their power from (caveat
emptor!)—I just don’t believe in magic.



2 Connect the dots

Let a state set S be given once and for all; most generally, a
dynamics f on S is a rule that, given the current state s € S
produces its next value s’ € S. A dynamics may be thought
of as a lookup table whose format (nature of the entries,
number of entries) depends on the nature of the state set S
itself. Thus, if S is a finite collection of N symbols—which
we may identify with the integers 1,2,..., N, a dynamics
on S is simply a one-column table with N entries labeled
1,2,..., N, as illustrated in Fig. 1. Since we can indepen-
dently choose one out of N possibilities for each of the IV
entries, the number of possible dynamics having this for-
mat is clearly NV. Correspondingly, the size of the table is
log NV = Nlog N.3
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blank form circular-shift dynamics

Figure 1: An arbitrary dynamics on the set {1,2,... N} is speci-
fied by filling out the blank form on the left, writing an arbitrary
integer between 1 and N in each of the N blank entries. On the
right, we have filled out this form with the circular shift dynam-
ics, which maps s into s + 1 (mod N).

Analytical mechanics begins when one recognizes that the
dynamical systems of physics, in spite of their great vari-
ety, have much in common. Out of all conceivable dynam-
ics, only those of certain classes actually occur. The task
of analytical mechanics is to identify the constraints that
characterize these classes and to learn to take advantage
of them. Specifically, if the blank form of Fig. 1 can only
be filled subject to certain constraints, then any resulting
table is redundant and can be compressed by a factor that
reflects the impact of the constraints themselves.

For instance, if we are only interested in reversible dy-
namics, then the number of possible tables goes down from
NY to N!, and, by suitable compression, one could use a
smaller form, of size log N! ~ NlogN — N.* If we are
given a compressed table, in order to actually compute the
system’s evolution from given initial conditions we have to
uncompress it first. Thus, there is a tradeoff between econ-
omy of representation and amount of processing.

Consider now a system whose states are naturally labeled
by two indices, 3 and j.> The table for such a system is more

3Intuitively, the N factor in N log N represents the number of en-
tries while the log N factor represents the size of the entry “field”. In
fact, this field must have enough room to specify any of N different
choices; if we use binary coding for N, then the size of the field is
logy N bits.

4This is only slightly less than the size N log N of the unconstrained
case; thus, in terms of table size, the reversibility constraint is rather
mild.

5For instance, small changes in the indices ¢ and j may lead to
small changes in behavior.

conveniently written in two-dimensional form,

i\

In ordinary mechanics, the state of a system with one de-
gree of freedom is represented by a pair of real numbers—a
position ¢ and a momentum p. Moreover, time is contin-
uous and ¢ and p are continuous functions of time; thus,
instead of specifying the next value ¢ of g and the next
value p’ of p, we specify their rates of change

p = dp/dt. (2)

This can be visualized as a table indexed by two variables,
q and p, and whose entires consisting of two fields, ¢ and p,

4 = dgq/dt,

q\P

qg P

L]

Of course, as a mapping from R? to R? (R denotes the
real numbers), table (3) has an uncountably infinite num-
ber of entries, and similarly each entry has infinite size. For
our purposes, though, we can “renormalize” and think of
R as a finite set of adequately large size N (e.g., a com-
puter floating-point variable); then the table has finite size
NZ2.2log N.

For a given dynamical system, to construct the orbit pass-
ing through point P = (q,p) we look up this point in the
table, find the corresponding (¢, p), and use these two num-
bers as the components of a displacement vector that leads
us to a new point P’ = (¢/,p’) = P + dP by the recipe

¢ =q+qdt, p =p+pdt

Intuitively, each point carries with it two numbers, which
are the incremental coordinates of the next point and so
directly specify it. We locate and connect one point after
the other in a blind-reckoning fashion, completely oblivious
to the surrounding landscape. To find the successor to a
given point, a single lookup operation is needed; this is
called a vectorial specification of the dynamics.

Physical systems obey stronger constraints than just con-
tinuity. It turns out that for a large class of physical systems
each point P only need carry with it a single number, called
its energy, in order to specify the next point. The recipe
for finding the next point P’ is, admittedly, more involved.
Given a point P of energy H, we must explore its vicinity
looking for points having the same energy; these points will
be found to lie on a line. Then we look for points having a
slightly higher energy H + dH; these points will also lie on
a line, roughly parallel to the first. The recipe for the next
orbit point P’ is

1. From P, follow the line of constant H,



2. in the sense that leaves the line H + dH on your left,

3. for a distance inversely proportional to the spacing be-
tween the two lines.

Thus, in order to determine P’ from P, we have to look
up the contents not only of the P entry itself but also of a
number of its neighbors,® so that we can determine the gra-
dient of H in this neighborhood; this is called a variational
specification of the dynamics.

The relevant point here is that the table which gives H as
a function of ¢ and p, called the Hamiltonian of the system,
has only one field in each entry rather than two, and thus
is half the size of the vectorial table. For a system with
n degrees of freedom, the vectorial table has 2n fields per
entry (a ¢ and a p for each degree of freedom), but the
corresponding Hamiltonian table still has only one entry!

In sum, the Hamiltonian formalism

e Recognizes that a certain class of dynamics is charac-
terized by certain constraints; once we are told that a
dynamics belongs to this class, then its vectorial lookup
table has some redundancy in it and can be compressed
by a factor 2n, where n is the number of degrees of free-
dom.

e The compression procedure is nonlocal, since in general
it entails integrating the vectorial equations of motion
over the entire ¢—p plane, and thus may be involved
and costly.

e On the other hand, the decompression procedure is lo-
cal, simple, and economical. To reconstruct the con-
tents (¢,p) of the (q,p) entry of the vectorial table,
do the order of n lookups in the vicinity of the (¢, p)
entry of the Hamiltonian table, and do a little linear
arithmetic on the data you find there, as specified by
Hamilton’s equations”

OH
Op; ’

_ oOH
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where 7 runs over the degrees of freedom.

In this light, Hamiltonian mechanics is basically a data com-
pression scheme. The details are specific to physics, but
the general approach has nothing particularly physical to
it, and in fact is useful in a lot of other situations in and
outside of physics.

“All right!—you’ll say—Let’s grant that Hamiltonian me-
chanics is a data compression scheme. But the constraints
that it takes advantage of and that make it possible for it
to work at all are not generic constraints; they are specific
of physics. Take that context away, and the compression
scheme becomes useless. Thus, after all, the property that

6In the most economical numerical-computation scheme, at least
two lookup operations (besides that for P) are needed.

"The canonical equations, also called Hamilton’s equation, were
written by Lagrange in 1908. Likewise, the principle of least action,
formulated in its completeness for physics by Lagrange, is often called
Hamilton’s principle. The Euler-Lagrange equations for the solution
of a class of variational problems were written by Euler in 1744 (cf.

[10]).

a system is Hamiltonian does express properties that reflect
its being a physical system.”

How much so? Take a sheet of paper with coordinates
q—p and draw an arbitrary dynamics—a collection of con-
tinuous lines on the paper with tick-marks on them indi-
cating the progress of time. I only ask that the trajectory
parameters—position and direction as indicated by a line
on the paper, and speed as indicated by the tick-marks on
the line—change smoothly as one moves about the sheet
of paper (“continuity”), and that the lines do not split or
merge (“reversibility”®). When you are done, I will try to
build in 3-D above the paper a surface H(g,p) that is a
Hamiltonian for your dynamics. No matter what dynamics
you have drawn, I will have no difficulty in constructing a
surface whose contour lines coincide with the lines you have
drawn. From this surface, anybody will be able to recon-
struct your lines by following the Hamiltonian recipe given
above; however, the timing along these lines, as given by
the reconstructed tick-marks, will likely depart from that
of your trajectories.

My construction is not unique: I still have room to adjust
the surface so that, while the contour lines remain the same,
the speeds along the trajectories are altered; for example,
by squashing a mountain peak by a factor of two I can slow
down by the same factor all the trajectories that are flowing
around it. However, even after having done my best to take
advantage of this slack, I may only get an approximation of
the correct trajectories: if your flow is not Hamiltonian to
begin with, the compression scheme will be lossy.

Even though hardly any? system is exactly Hamiltonian,
is there some sense in which one can say that almost all of
them are approximately Hamiltonian? In other words, does
“Hamiltonianity” look like an emergent property? We shall
briefly argue for this in the next section.

Note that the two things we took for granted before ask-
ing for Hamiltonianity, namely, continuity and reversibil-
ity, are very “cheap,” in the sense that the first naturally
emerges in a wide range of settings if we just blur our
vision[12], and the second also emerges, again in a wide
range of settings, if we are willing to let a dynamical system
age long enough before we try to “use” it (we will discuss
this in a separate paper).

3 T = dS/dE holds for almost any sys-
tem

Consider a continuous system with one degree of freedom
(cf. (3)). Let T be the period of a given orbit of energy
FE, and dS the volume of phase space swept when the en-
ergy of the orbit is varied by an infinitesimal amount dF
(Fig. 2). As is well known[1], if the system is Hamiltonian
these quantities obey the relation'®

8This has nothing to do with ‘invariance under time reversal’, which
is a much more specialized property

91 use “hardly any” and “almost all” in the measure-theoretical
sense, meaning, respectively, a set of measure zero and a set of measure
one.

10This is the very relation that makes the compression scheme work:

when the trajectories spread, they invariably slow down, so that, given
the lines, the timing can no longer be independently assigned.



T =dS/dE, (5)
Just how surprising is this fact?
Y E+dE
E +
ds
\ q

Figure 2: In moving from an orbit of energy F to an infinitesi-
mally near orbit of energy E + dF, one sweeps an area dS of the
phase space. If the dynamics is Hamiltonian, the orbit period T’
equals the ratio dS/dE of action-to-energy variation.

One way to answer this question is to go to a more accu-
rate physical level (quantum mechanics) and see how energy
and rate of evolution are related there (see [7]). Here in-
stead our approach to the question is to consider systems
of a more general nature, but for which quantities analo-
gous to T, dF, and dS are still meaningful. Under what
conditions will the above relation hold for these systems?

Consider, for instance, the class Xy of all discrete sys-
tems having a finite number IV of states and an invertible
but otherwise arbitrary dynamics (cf. Fig. 1 and attendant
discussion). Though continuous quantities such as those
appearing in (5) may arise from discrete ones in the limit
N — o0, in general relation (5) will not hold (or even be
meaningful) for every individual system; however, if one
considers the entire class, one may ask whether this re-
lation holds approximately for most systems of the class.
Alternatively, one may ask whether this relation holds for a
suitably-defined “average” system—treated as a represen-
tative of the whole class. This kind of approach is routinely
used in statistical mechanics;'' in our context, however,
statistical methods are applied to “ensembles” in which the
missing information that characterizes the ensemble con-
cerns a system’s law rather than its initial state.

We shall show that relation (5) holds for the average ele-
ment of the “ensemble” X. Now, this is surprising, as we
thought we hadn’t told Xy anything about physics!

The systems of class Xy have very little structure—
basically, just invertibility. Nonetheless, one can still rec-
ognize within them the precursors of a few fundamental
physical quantities. For instance, the period T' of an orbit
is naturally identified with the number of states that are
strung along the orbit. Likewise, a volume S of state space,
which in our case is an unstructured “bag” of states, will
be measured in terms of how many states it contains. It

HFor example, given a canonical ensemble for a system consisting of
an assembly of many identical subsystems, almost all elements of the
ensemble display a subsystem energy distribution that is very close
to the Boltzmann distribution; the latter can thus be taken as the
“representative” subsystem-energy distribution, even though hardly
any element of the ensemble displays that distribution exactly.

4

is a little harder to identify a meaningful generalization of
energy; the arguments presented in §3.1 suggest that in this
case the correct identification is E = log T, and this is the
definition that we shall use below. Armed with the above
“correspondence rules,” we shall investigate the validity of
relation (5).

Each system of X will display a certain distribution of
orbit lengths; that is, one can draw a histogram showing,
for T = 1,...,N, the number n(T) of orbits of length T
(see Fig. 3).

n(T)
4,

31
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1

Figure 3: Orbit-length histogram of one particular system. The
dashed curve gives the average histogram over the entire set of
N! systems.

If in this histogram we move from abscissa T to T + dT" we
will accumulate a count of n(T) dT" orbits. Since each orbit
contains T points, we will sweep an amount of state space
equal to dS =T n(T)dT}; thus

as

dT
On the other hand, since £ =logT,

=Tn(T).

T
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Therefore, the original relation (5) will hold if and only
if the orbit-length distribution is of the form

n(T) = 1/T.

Do the systems of X'y display this distribution?

Observe that, as N grows, the number of systems in Xy
grows much faster than the number of possible orbit-length
distributions: most distributions will occur many times,
and certain distributions may appear with a much greater
frequency than others. Indeed, as N — oo, almost all of
the ensemble’s elements will display a similar distribution.
In such circumstances, well-known theoretical and practical
considerations recommend defining the “typical” distribu-
tion as the mean distribution over the ensemble, denoted

by n(T).
It turns out that for X'y the mean distribution is exactly
(6)

for any N, as indicated in Fig. 3. In fact, we construct a
specific orbit of length T" by choosing T states out of N and

nn (1) =1/T



arranging them in a definite circular sequence. This can
be done in (JTY)TT' different ways. To know in how many
elements of the ensemble the orbit thus constructed occurs,
we observe that the remaining N — 7" elements can be con-
nected in (N — T)! ways. Thus, the total number of orbits
of length T found anywhere in the ensemble is

(JIY)TT!(N—T)! - N!%.

Divide by the size N! of the ensemble to obtain 1/T.

Thus, the typical discrete system obeys relation (5). In-
tuitively, when NN is large enough to make a continuous
treatment meaningful, the odds that a system picked at
random will closely obey (5) are overwhelming.

3.1 Why E =logT

Here we motivate the choice E = logT made above.

Finite systems lack the rich topological structure of the
state space found in analytical mechanics. Beside invert-
ibility, in general the only intrinsic'? structure that they
are left with is the following: Given two points a and b, one
can tell whether b can be reached from a in t steps; in par-
ticular (for t = 0), one can tell whether or not a = b. Thus,
for instance, one can tell how many orbits of period T' are
present, but of these one cannot single out an individual
one without actually pointing at it, because they all “look
the same”.

To see whether there is a quantity that can be mean-
ingfully called “energy” in this context, let us observe that
physical energy is a function E, defined on the state space,
having the following fundamental properties:

1. Conservation: E is constant on each orbit (though it
may have the same value on different orbits).

2. Additivity: The energy of a collection of weakly-
coupled system components equals the sum of the en-
ergies of the individual components.

3. Generator of the dynamics: Given the constraints that
characterize a particular class of dynamical systems,
knowledge of the function F allows one to uniquely
reconstruct the dynamics of an individual system of
that class.

The proposed identification ' = logT obviously satisfies
property 1.

As for property 2, consider a finite system consisting of
two independent components, and let ap and a; be the re-
spective states of these two components. Suppose, for def-
initeness, that ag is on an orbit of period 3, and a; on one
of period 7; then the combined system state (ag,a1) is on
an orbit of length 21, i.e., logT = log Ty + logT,. This ar-
gument would fail if Ty and 77 were not coprime. However,
for two randomly chosen integers the expected number of
common factors grows extremely slowly with the size of the

12That is, independent of the labeling of the points, and thus pre-
served by any isomorphism.

integers themselves[8] (and, of course, the most likely com-
mon factors will be small integers); thus the departure from
additivity vanishes in the limit 7" — oo.

As for property 3, an individual system of Xy is com-
pletely identified—up to an isomorphism—by its orbit dis-
tribution n(7T'), and thus any “into” function of T' (in par-
ticular, £ = log T') satisfies this property.

4 The power of conditioning

Much as in thermodynamics a “state”—i.e., a macroscopic
state—is in fact a bag of microscopic states, we shall enter-
tain the notion that, in analytical mechanics, a “trajectory”
of our dynamics is really a bundle of microscopic trajec-
tories of an underlying, fine-grained dynamics. How does
the size of this bundle depend of what we know about the
(macroscopic) trajectory?

Let us consider a particle that at every tick of the clock
can move one notch right or left on a one-dimensional track.
The particle is driven by a computer program. To be spe-
cific, there is a given computer with a large amount of mem-
ory in it; somebody initializes the memory and then lets the
computer run. They fix their attention on a specific data
bit. Every billionth cycle of the computer they look at the
state of this bit:!3 if it is a 1 they will move the particle to
the right; if a o, to the left. At time 0 we put the the par-
ticle at notch 0 and leave the room. At time 7' (say, some
10,000 ticks) we are asked, “Where is the particle now?”

How could we possibly know? We know the computer
but we do not know what program it is running or what
the initial data were. Actually, we know one hard fact: at
time T the particle must be within the interval [—T,+T7,
since it cannot move more than one notch at a time. Beyond
that, what can we say? If hard pressed, we may hazard a
guess that the particle is probably closer to the middle of
the interval than to the very ends.

They let us go. At time 27 they are at it again. This
time they tell us where the particle is now: at a certain po-
sition 2X (with, say, X = 8000); but they ask for the same
information as before, namely, “Where was the particle at
time 77”7 And, at gunpoint, “A bad answer, and you are
dead!”

Let us think rationally. We could simulate the given com-
puter on our laptop PC, trying out all the programs one
by one. Perhaps, by the way the computer is designed,
there are some positions where the particle can never be
at time T no matter what program is running; that might
help us narrow down the choice by a tiny bit. But the com-
puter may have a billion bits, and so may be running any
of 21,:000,000,000 hroerams; this is not a promising approach,
since we’ll certainly be dead before we’ve tried out even a
small fraction.

Then we realize that, no matter how many programs
there might be, the number of possible paths the parti-
cle may have followed from the start to time T is “only”

I3For boolean values we use the “old style” digits o and 1 from
the series 0123456789 to stress we are not necessarily thinking of the
numerical values 0 and 1).



2T, Forget the red herring of the 21:000,000,000 nyoerams:
our chances of survival are no worse than one in 27, and T
is in the thousands rather than in the billions. Even bet-
ter, the number of places where the particle can be at T
(rather than the paths from 0 to T') can only grow linearly
with T—in fact, it is no more that T+ 1. That is, our
chances cannot possibly be worse that one in T' (= 213)—
even if the particle were equally likely to be in any of the
possible slots. With a not too large T" in the denominator,
perhaps we can put some large constant in the numerator
and manage to get an appreciable chance of survival. Let
us do some figuring, but without assuming anything more
than we know.

The worst scenario—and, by Murphy’s (or Jaynes’s)
law—the one that we owe it to ourselves to entertain un-
less we want to deceive ourselves, is that all particle paths
compatible with our information are equally probable. For-
get about the computer program, about which we do not
know anything besides that it is large, and concentrate on
the kinematic constraints. For a specific position x, how
many paths go from event Py (particle at the origin at time
t = 0) through event P; (particle at position z at time T')
and event P, (particle at position 2X at time 27")7

In general, if the net progress during a time interval ¢ is
x, and this was done by x steps to the right and x_ to the
left, we must have
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where we have called § the average velocity
interval. Then, the number of paths is'4

t
N(B,t) = 5. )
0= (130033

Denote by H(p) the binary entropy function

x/t in that

(7)

H(p) = —plogp — qlogg,

that is, the entropy of the binary distribution {p, q}. This
entropy can be rewritten more symmetrically in terms of
the the mean u = p — q of the distribution, as

K(p) = H(p(p)), where p=(1+p)/2.

Using Stirling’s approximation, we get from (7)

log N(5,n) = K(5) + O(52), (®)
the “big-oh” term in (8) vanishes as n — co. Some salient
features of K () are shown in Fig. 4.

If we call 3 the average velocity of the overall trip (from 0
to 2T'), 31 that of first lap (from 0 to T'), B2 that the second
lap (from T to 2T'), and € the excess of 51 over (3, we have
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1f n = h + k, we may write (hnk) for (Z) to stress the symmetry
between h and k.
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Figure 4: The binary entropy K (3) compared with the parabola
osculating it at the apex, and with the relativistic factor /1 — 32
(a half-circle).

Coming back to our question, the number of paths from
Py to P, through P is

No12 = No1Ni2 = N(B1, T)N(32,T)
:N(ﬁ+€7T)N(6_€7T)a

while that from Py to Py (with no restrictions on interme-
diate points) is
Noo = N(5,2T).
Thus, the proability P that the particle went through

P, conditioned by the knowledge that it started at Py and
ended up at Ps, is

N(B+¢, T)N(B—¢,T)

_ NoaNip _
N(B,2T)

No2

P

Taking logs and dividing by the number of steps as in (8) we
obtain a quantity R(e) proportional to the log of the relative
frequency of the paths going through z at T', namely,

Rle)=K(B+¢e)+ K(B—¢)—2K(0).

Now, it turns out that, for small (and even not so small)
values of (3,
K(B) ~ —43% + const (9)

(cf. Fig. 4). Thus, up to an additive constant,

R(e) = ~[(B+e)* + (B —€)? —20%)/2 = —€*/2.

The maximum for R is clearly at dR/de = 0, which occurs
for € = 0, that is, for §; = B2 = . Thus we conclude
that the most likely place for the particle to be at time T
is X, i.e., halfway between its initial position 0 and its final
position 2X, as if it had traveled at a uniform velocity
B = X/T. In other words, the most likely position for
event P» to be is on the straight spacetime line between P,
and P;, as shown in Fig. 5. This generalizes to any choice
of initial and final positions, and of any instant of time
for which the position of the particle is guessed (Fig. 6).
Incidentally, with the given data, the standard deviation
from this straight line at midtime is about 40 notches; with
our guessing system, the probability to come out alive is
about 0.014, or better than one in a hundred.



__________ P2
2T o
A 2NN
L .
s
. 1o
S
. Sl
," ’III !
P }
L v 1
. ) 1
P/ / |
1/"‘1 |
O T
T non 1
oo v
ﬁo,'ll 1 1
1y 1
] 1
,,’l [ 1
oy 1
I |
iy 1
[/t 1 1
yoooo |
g 1 1 1 -CI:
Poax  ox

Figure 5: For a particle that performs a symmetric random walk,
starts at Py = (0,0), and ends up at P, = (27, 2X), what is the
spatial probability distribution at ¢t = T'?7 All paths are com-
prised within the forward light-cone from Py and the backward
light-cone from P; thus, the range of positions at 7' is restricted
to the solid line in the middle. The particle’s mean velocity from
Py to P2 is B = X/T; the mean for the subpath PyP; is (31; that
for P1 P>, B2. The requested distribution has both mean and
maximum at z = X (hollow dot).

50

Po PO

Figure 6: For any given time ¢, the probability distribution for
the particle to be at x has a mean indicated by the line of slope
[ and a standard deviation o indicated by the width of the
surrounding ellipse. The figure on the right uses the data from
the example (T" = 10,000, X = 8,000); even when showing a 50
deviation, the width of the ellipse is barely noticeable.

Note that we have never suggested that the particle must
have had some “momentum” that made it try to preserve
its “speed”, or that, since the particle moved to the right 9
times out of 10, the computer program, seen as a random-
number generator, must have been one characterized by a
certain biased “statistics”. We did not make hypotheses
about where the particle was when we were not seeing it;
all we used was the little we were told, namely, where the
particle was at ¢ = 0 and ¢ = 27", and that it was hopping
right or left one notch at the time (the latter is a crucial
piece of information). Our prediction is the “flattest” that
one could make out of the available data, and thus is just
a tautological rewording—though an illuminating one—of
these data.

5 Enter the Lagrangian

It will not have escaped the reader’s notice that the quantity

Lcomb = _K(ﬂ)

(‘comb’ for “combinatorial”) coincides, for small § (as in
(9)), with the Lagrangian of the free particle, which in New-
tonian mechanics is given by

_ 1.2
L =smv

(an additive constant is irrelevant to the Lagrangian, and,
for a single particle, the size of the m factor is also irrele-
vant). Over the entire range of 3, Lcompb is amazingly close
to the relativistic Lagrangian,

L=—-mc*\/1— (v/c)?,

if we set 8 = v/c, ie., equate the speed of light ¢ with
the maximum speed of propagation of information in the
random walk—one notch per tick of the clock. Does this
coincidence have any significance?

To answer this question we shall proceed on three fronts,
namely

e Examine the role of the Lagrangian in physics.

e Study the form of L.omp in less trivial combinatorial
models: systems of interacting particles, and programs
whose parameters depend on space and time.

e Explore the connections between the ordinary phys-
ical Lagrangian, the combinatorial Lagrangian intro-
duced here, and the so far poorly quantified concepts
of “amount of computation” and “computation capac-
ity”.

To give an idea of what we are after, let us observe that
in Fig. 5, the number of microscopic paths from Py to P; is
given by the product of two binomial coefficients (cf. (7)),
one for PyP; and one for P, P,. The first factor grows very
rapidly as P; gets closer to the t-axis; a greedy algorithm
would try to position P; right on the t-axis to get the great-
est benefit from the first stretch. However, as we move
P, leftwards, the second factor shrinks even more rapidly.
When the day of reckoning comes, this greedy policy will
be punished; the best reward will go to the policy that po-
sitions P; so as to maximize the number of paths through
it. Minimizing —K (3) (or 3/, for small §) is a means to
this goal.

I argue that, deep down, this must be the reason why the
Lagrangian approach works. It is only a matter of conven-
tion that, by taking minus the log of path count, the issue
becomes one of minimizing a sum rather than maximizing
a product; what is important is that, in this interpretation,
we do not really need any intermediaries to give us prize
or punishment; the act is its own reward. (In Feynman’s
approach[2], for comparison, there still is one level of medi-
ation, which happens to work but still remains mysterious,
between action and probability.) Minimizing the action in-
tegral I leads to the path with the best chances because
the Lagrangian of a path segment is nothing but (up to



a cosmetic “minus log” dress-up) the very chances of that
segment. As in Darwinian evolution, we may think of a lot
of intermediate fitness indicators, but the ultimate indica-
tor of the chances of survival is—by definition—how many
individuals will survive. A tautology, but a useful one. As
in evolution, so in Lagrangian mechanics local optimization
via local indicators may get us trapped into dead ends: lo-
cal optimization through local indicators has its risks. On
the other hand, global optimization through local indica-
tors has (in the worst scenario) an exponential cost. Pick
one!

As introductions to the subject I recommend (a) The Par-
simonious Universe by Hildebrandt and Tromba[3]—a won-
derful nontechnical book rich in historical motivation and
examples from the natural sciences—(b) the classic text-
book by Lanczos[5], and, of course, (¢) Feymnan’s mono-
graph on path integrals in quantum mechanics|2].

The first examples of variational problems were connected
with statics; for example, the equilibrium position of a
chain, first solved by Johann Bernoulli in 1690. There
the approach was to assign a “penalty” to each link of
the chain equal to its distance from ground (potential en-
ergy); the goal was to minimize the overall penalty sub-
ject to the geometric constraint that the links remain—by
definition of ‘chain’—connected to one another. And, in-
deed, the minimum-penalty configuration—the catenary—
happens to be the equilibrium configuration. An important
property of this configuration is that small changes from
it leave the penalty unchanged in first order; conversely,
configurations that are “penalty-indifferent” in this sense—
or stationary—are equilibrium solutions (though some may
be unstable or may correspond to a relative maximum
rather than minimum of the penalty). Once we look at the
statistical-mechanical explanation of this solution, we real-
ize that the catenary is the configuration of least energy
not because it was trying to be parsimonious, but because
it spent all it could in the thermal market.

The novelty of the Lagrangian approach is the search for
a minimum in dynamical problems, where a penalty based
only on position is not sufficient to single out the actual
trajectories—the Earth does not fall on the Sun even though
the potential energy is less there. What other observable
properties of a system should be used in assessing the “tax”
in order to obtain agreement with observation? Potential
energy is assessed on the basis of position; do we also have
to take into account functions of velocity, acceleration, etc.,
and where do we stop? It turns out that in all clean-cut
cases'® velocity is enough; indeed, a Lagrangian tax L de-
fined as the difference between a kinetic energy 7" and a
potential energy U,

L = T(velocity) — U (position)

works well for the dynamics of many-particle systems when
the interactions between particles are only pairwise; more-
over, here kinetic energy is not an arbitrary function of
velocity, to be assigned ad hoc for each system as in the

15Exceptions mostly arise where the “real” dynamics is hidden un-
der layers of macroscopic phenomenology: arcade video-games can
come up with quite arbitrary trajectories.

case of potential energy, but is invariably (at low speeds) a
quadratic function of the velocities.®

Thus, velocity appears to be a bona fide part of the state
of a system. Specifying only the inital position of a cannon
ball does not allow us to predict its trajectory; but speci-
fying also the initial velocity allows us to do so uniquely.
Information about acceleration, on the other hand, is like
knowledge and the Koran: if it is right, it agrees with the
Lagrangian and we can throw it away; if it does not agree
with the Lagrangian, it is wrong and we must throw it away.

How do we use the Lagrangian? How do we compute
a trajectory from it? Let us use an analogy first. If we
disregard the one-time pick-up charge, the taxicab fare ;i
for a trip s from a given origin z to a given destination z;
is determined by a taximeter which computes the following

“taxicab action”
/Ltaxi dt7
S

where, up to a currency-conversion factor, the “taxicab La-
grangian” is

(10)

Leaxi = [v] + 1. (11)

Integrated over time, the first term of (11) gives the geomet-
ric length of the trip (odometer reading) while the second
term gives the elapsed time (clock reading). If we fix for a
moment the departure and arrival times t¢ and t1, we may
ask, Among all possible trips (following the same route but
going through the same place at different speeds counts as
different trips) which are the cheapest? Since t; —t is fixed
and thus the elapsed time term gives a fixed contribution,
the cheapest trip is that which follows the shortest route—
speed doesn’t count.'” If we now ask the same question for
different arrival times t1, the term 1 in (11) comes into play,
and we get that the cheapest trip is that which follows the
shortest route and proceeds at the highest possible speed.'®

While the rider’s interest is to minimize the cost of the
trip, the driver’s interest is to maximize the take-home pay

[ L
workday

Here the second term in Liay; gives again a constant con-
tribution, while the first term gives a contribution that is
proportional to the speed and independent of the route. In
a first approximation, the driver’s optimal policy is thus,
“Always go at infinite speed, never mind the route!” 1

If we make Ly, also time- and space-dependent (v is con-
strained by bottleneck in tunnel at rush hour, night rate ap-
plies after 10:00 pm, etc.), deriving an explicit prescription

(12)

16Since we are dealing with continuous and differentiable variables,
all that this “first-order quadraticness” means is that kinetic energy
bottoms out when the speed is zero.

17Speed does count in the taximeter Lagrangian (11), but the de-
pendency is such that in this fixed-time problem it disappears from
the solution.

18Naively, we would strive for infinite speed. In practice the |v] term
should be complemented by a highly nonlinear term in v (probability
of accident or breakdown, the car just can’t make it—or even legal
speed limits!).

19Since the driver is in charge, it is not surprising that this is close
to reality. Here, the annoying one-time charge comes to our help, as
it gives the driver an incentive to also follow the shortest route to our
destination, so as to get a fresh customer as soon as possible.



from the taximeter Lagrangian becomes in practice very
complicated, as we have to evaluate a lot of different discrete
possibilities before knowing which is the “best”. However,
if variables and parameters change in a continuous way, as
they do in the stylization of physics called analytical me-
chanics, in principle it is possible to recognize a locally op-
timal solution by the fact that small changes to it do not in
first order affect the action integral. As in the case of the
Hamiltonian, an explicit vectorial law (in which direction
and at what rate do I move from the present state?) can be
obtained by judicious sampling of the Lagrangian lookup
table in the vicinity of the given state (cf. §2). Though
the Lagrangian approach is more general and versatile than
the Hamiltonian one, we pay for that by a more elaborate
decompression scheme, which works in two steps. First,
given your current state, you sample the Lagrangian in its
neighborhood and construct the quantities that go into the
Euler-Lagrange equation—which, for the case of one degree
of freedom, is

This equation yields a lookup table that relates the quantity
we want, namely ¢ (the acceleration), to those we know, ¢
and ¢. However, the resulting table may not be indexed
by (q,¢), and, consequently, we may have to sample this
table in turn in order to reconstruct an explicit relationship

q=f(q,q)

6 On two levels?

You may think it impertinent that I took the random
walk—mno inertia, total dependence on external whims—as
a model of the motion of a free particle governed purely by
inertia. We certainly need to test these ideas with more
realistic models of dynamics. To this purpose, and in order
to establish a link between action and amount of compu-
tation, we shall introduce a computer-like system to which
the Lagrangian and Hamiltonian formalisms can be applied
verbatim. By moving back and forth between the computa-
tional and the physical interpretation of this system we will
be able to establish correspondence rules between physical
and computational constructs.

6.1 Chains and strings

chains

Consider a linear chain of dots running along the z-axis
with two dots for every unit of length (Fig. 7). The dis-
placement of a dot from a horizontal reference line will be
recorded along the g-axis. A dot is connected to its two
neighbors by links of slope £+1. Thus, on a macroscopic
scale the chain will appear as a continuous string with slope
in the z—q plane never exceeding +1.

For brevity, coordinates having integer values (1,2,3,...)
will be called even; those having half-integer values
(1,2,5..)), odd. We are interested in the class of chain
dynamics obeying the following constraints (Fig. 8):

20This phrase is borrowed from Kadanoff[4].
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Figure 7: A chain with links of slope 41, stretching along the
z-axis and with displacements recorded along the g-axis (top).
Macroscopically, the chain will look like a continuous string with
slope in the z—q plane never exceeding £1 (bottom).

e At even times, the candidates for a move are the dots
at even places (solid dots); at odd times, those at odd
places (hollow dots).

If a candidate can hop up or down one unit in the ¢ di-
rection while retaining links of slope £1 with its neigh-
bors, then it is up to the specific dynamics to decide
whether it will do so (flip). Otherwise, the candidate
will remain in place (rest).

Thus a dynamics is just a table that, for any ¢, z,t that are
all three odd or all three even, specifies whether the candi-
date dot is permitted to flip. Whether a dot will actually
flip depends not only on whether the adjacent links allow it
to flip, but also on whether the permission bit allows it to
take advantage of this possibility.

q
2

O Nl =

N R

=N

N[ O, 4+—

0 3
Figure 8: Two successive configurations of a discrete chain with
links of slope +1. At even steps, the even dots (solid) try to
move; at odd steps, the odd dots (hollow). The arrows indicate
the moves that are possible without breaking the links. A pos-
sible move will actually be made (the dot will flip) only if the
dynamics gives permission; otherwise the dot will rest. In this
figure, permission was not granted at ¢ = 0 for the dot at z = 3,
so that at time ¢ = 1 we find it at the same position.

2

One can think of the present setting as a special-purpose
computer; the data are the states (1) of the chain’s links;
the program is the permission table itself. That is, we view



q 1 1 1 gqt o 0 0
2t1 1 1 210 0 0
1 1 1 1 1 1
1t1 1 1 11 1 1
1 1 1 1 1 1
0t 1 1 1 0f1 1 1
0 1 2z 0 1 2
t=0,t=1 t=1,t=11%

Figure 9: At its finest level, the program of the chain com-
puter is just a binary table containing a permission bit for each
point (g, z,t) such that all three coordinates are even or all odd
(“body-centered cubic lattice”). Each frame display, in an in-
terleaved fashion, data for two consecutive values of ¢ (even t at
even ¢, x; odd t, at odd). For ¢ < 2, this dynamics always grants
permission; for ¢ > 2, it grants permission on two half-steps and
then witholds it for two more half-steps.

spacetime (here including for convenience ¢ as another spa-
tial coordinate) as a read-only memory containing a bit at
each point. The processor is just the mechanism that in-
terprets the data as a linked chain and the program as a
dynamics, flipping a dot if and only if its links (the general
kinematic constraints) and the permission bit (the specific
dynamics) permit it. Note that this is a reversible com-
puter, which can be operated indifferently in “forward” or
“reverse”.2!

A sequence of chain configurations compatible with a
given dynamics is a trajectory of that dynamics. A se-
quence that just obeys the kinematic links (and thus is a
trajectory of some dynamics) will be called a history.

What kinds of behavior can such a chain display as one
ranges over the possible dynamics? At one extreme, if the
dynamics never grants permission, then no flips can pos-
sibly occur: in the identity dynamics, any initial configu-
ration remains forever unchanged. At the other extreme,
suppose that permission is always granted. Then one can
immediately verify that a configuration consisting of all +1
links (Fig. 10a) or all —1 links cannot move at all. On the
other hand, a configuration consisting of regularly alternat-
ing +1 and —1 links, and thus having an average slope of
0, will steadily march vertically at unit speed, moving up-
wards or downwards depending on whether the black dots
are in the valleys or on the peaks at even times(Fig. 10c,d).
In turns out that, for an arbitrary chain configuration, this
permissive, “flip-whenever-you-can” dynamics gives exact
wave equation behavior; this will be proved in §6.2, where
we also discuss other dynamics that can be “programmed”
in our chain computer.

In sum, we have defined a whole class of dynamics; the
general format is given by the kinematic constraints (try
to flip at even or odd places at, respectively, even or odd
times, and only if the links allow it), while the specifics is
given by the permission table (flip only if the permission bit
is set).

21More than that, given appropriate interlocks it can go forward,
backward, or idle independently at each point of the chain.
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(a) (b)

Figure 10: Examples, when permission to flip is always granted:
A chain with slope +1 (or —1) cannot move at all (a); a kink on
it will propagate at unit speed (b). A chain with alternating +1
and —1 links will march at unit speed upwards or downwards—
depending on whether the black dots start in valleys or on ridges
(c,d).

6.2 Means and flows

To get from a discrete chain to a continuous string, so as
to get differentiable quantities which we can use in varia-
tional arguments, we must go to a macroscopic level; i.e.,
consider space averages over lengths that are large with re-
spect to the lattice spacing, and time averages over a large
number of steps. Ideally, coarse-grained averaging should
commute with the dynamics; that is, if we average the mi-
croscopic state variables and then let this average evolve for
a certain time using an appropriate macroscopic dynamics
we should get the same result as if we had let them evolve
over the same time using the microscopic dynamics on the
microscopic data and then done the averaging.

At the microscopic level, knowledge of the positions g(x)
completely specifies the system’s state; that is, the assign-
ment of g(x) at a given instant completely determines the
subsequent microscopic evolution of the system under a
given dynamics. More specifically, initial rate-of-change
information—which dots are going to flip at the initial
step—is not part of the initial specifications but is dictated
by the dynamics itself.

The situation is different at the macroscopic level. As
a smeared-out, macroscopic state variable, ¢(z) does not
capture enough information about the state of the system
to uniquely determine its macroscopic evolution. In fact,
as one can see in Fig. 10c,d, two chains with the same g(x)
may move one up and the other down! More macroscopic
data than just g(x), namely, the rates of change dq(z,t)/0t
(or some equivalent information) are needed to give a self-
contained macroscopic dynamics, and, as we shall see, they
are indeed sufficient.

Coming back to the microscopic level, let us fix our atten-
tion on one candidate dot (Fig. 8) and the unit-space cell
surrounding it; this cell contains two links, one on the right
and one on the left of the dot itself, whose values we shall
call respectively p_, and p._. From these we construct, by
symmetrization, the new quantities

p=(p—+p-)/2,

J= ()2 (13)

On a unit-cell scale, the possible values for p and j are

P
pl -1 +1
“11=-1 0’

T 41| 0 41




Thus, along the chain, we have the two microscopic se-
quences of links, p_(x) and p_(x), and the two derived
sequences p(x) and j(x); for example, for Fig. 8 we have

p-F_F_F F1 1P
o B U FU F EU
(14)
p[F1 1 0 [ +1] 0 | =1 0
il o+t 0 [ =1 0 | -1

Under coarse graining, p(x,t) represents the average slope
of the of chain (in the z—¢q plane) while —j(x,t) represents
its average velocity (the “slope” in the t—¢ plane):

9q _ p = p— P
ox 2 ’

15
9 _ . _ _po—p (15)
ot J 2 ’

To integrate the dynamics we have to determine the evolu-
tion of p and j, or, equivalently, or p_. and p.. It turns
out that if permission to flip is always granted, then the two
sequences p_, and p_ of (14) shift respectively rightwards
and leftwards one position at every step without interact-
ing. In other words, the dependency on z and t is such

that
p—(x,t) = p(x — 1),
b (,8) = pe(z +1).

In this case, then, the sequence p can be thought of as
the superposition of two traveling strings that move at unit
speed in opposite directions. As we know, this is a solution
of the one-dimensional wave equation. Thus, we conclude
that under this “permissive” dynamics the string q(x,t)
strictly obeys the one-dimensional wave equation

(16)

Pq
9z

q
ot?

(17)
on any scale, with no damping whatsoever.2?

If permissions are assigned randomly and independently
with a density 1 — s, then, with reference to Fig. 11, where
the two trains p_,, p— are shown running on opposite
tracks, when two cars pass by one another they will swap
contents with probability . The result is that, for small 7,
these two quantities are related by

—0zp— — s(p— — p),
—Ozpe— + S(pH - IOH)J

Orp—

18
Drpe (18)

and thus p, j, and ¢ all satisfy the telegraph equation
Opt = Oppt — 28041,

which is essentially the wave equation with damping pro-
portional to s. For fixed s, if we scale ¢ by a and z by /a,
then in the limit as k — oo the telegraph equation turns
into the diffusion equation,

1
2s
22Norman Margolus and I came upon this model around 1983. On

a computer simulation, it is impressive to see the full interplay of
elasticity and inertia emerge from such simple discrete primitives.

Ot = — Oppl.
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Nonrandom tables, and especially tables with a fractal
structure, need not lead to an emerging macroscopic dy-
namics. But in all cases we get a linear dynamics, since
the p_ and p_ tokens of Fig. 11 are switched without
even being looked at—they do not interact! Note that,
in a measure-theoretical sense, almost all permission tables
yield a uniform and independent distribution of permissions
with density 1/2. In this sense, the typical dynamics of our
class is that of a heavily damped string.

p-FFI I} - T 1 1
pe A I e

Figure 11: The sequences p—. and p.— may be thought of as trains
traveling in opposite directions at unit speed. A request to flip
(in the original chain) corresponds to two train cars passing by
one another; if the permission is denied, then the two cars swap
contents, so that a bit that was traveling rightwards now starts
moving leftwards and vice versa. This leads to scattering in the
p——p— picture, corresponding to damping in the g picture.

6.3 Inertia of the lumped string

We shall now focus our attention on the harmonic string
behavior, as supported by the permissive dynamics in our
toy computer.

Let us close the string into a loop of length m (“periodic
boundary conditions” ¢(z + m) = ¢(x)), and consider the
position of its center of mass (on the g-axis) as a function of
time. Whatever the configuration of the string, this point
will move at a constant velocity § (since [ jduz is strictly
conserved) in the range —1 < 8 < +1, with 2n + 1 discrete
possible values

B=i/m, fori=-m,...—1,0,4+1,...+m.
We will have
—>+ 4—20’ — = — M,
p—+p o P B (19)
p— — P = =20, p—= p.

Of the m elements of the train p_., a fraction p*, will consist
of +1s and the rest, p— , of —1s, that is,

P+ =1,

_ (20)

Pt —pZ =p-,
and similarly for p.. Thus, the number of configurations
compatible with velocity 5 is (using the same notation as
in §4)

_ m m . Pi =(1-5)/2,
W= (otm) () 0 s
or
InN ~ 2mK(8) ~ —mf* + const, (22)

which is essentially the same dependency on (3 as (9). This
will of course give the correct results as the Lagrangian of
the “lumped-string” free particle; moreover, the appearence



of a mass factor m makes it possible to study the interac-
tions between particles of different masses?® and see how
the number of trajectories varies as a function of different
masses and velocities.

6.4 Refraction

Here we’ll briefly consider the case of a nonhomogeneuos
medium. If the permission table witholds permission for the
two consecutive steps that make up a time unit (cf. top part
of Fig. 9), then the evolution of the chain is frozen for that
time unit. These “suspensions” may be randomly scattered
through time, reducing the effective speed by a factor of n
(see [13] and [9] for examples of this approach in lattice-gas
dynamics). Suppose (Fig. 12) that the particle starts at
the origin, traverses free space (“index of refraction” k = 1)
until time ¢, and then traverses a stretch of time with “index
of refraction” k = n, finally landing at . What is the
most likely value for ¢ when the particle enters the denser
medium? Equivalently, what is the “refraction angle”?

Q

Figure 12: A lumped-string particle travels until ¢ through a
100% permissive medium (“vacuum”); thereafter, the permission
rate is granted only every nth time slot (“index of refraction”
n). If the average velocity in the denser medium is v, the string
must be moving at an actual speed v = nv when moving at all,
and the path statistics that enters in the Lagrangian must be
that corresponding to this higher speed v’.

We will derive the Lagrangian directly from the mi-
croscopic dynamics, always assuming that the Lagrangian
must be an indicator of the number of trajectories compat-
ible with the given data. In the denser medium, whatever
the macroscopic velocity v, the particle must be following a
sequence of configuration appropriate for a velocity v/ = nv,
with the only difference that on time slots when permissions
are witheld the current configuration will be held frozen.
Thus, in the denser medium, the Lagrangian must reflect
the path statistics of this higher “internal” velocity rather
than that of the apparent velocity v.

Multiplying the velocity by a factor of n in (19) shifts
the statistics in (21) so that a factor of n? appears in (22);
rescaling time by a factor 1/n, and then moving this factor
from the dt term to the L term in LdT adds to the La-
grangian a factor 1/n, so that the correct Lagrangian for
index of refraction n is

1

n2Lvacuum (U) 2
n

Ln(U) = nmuv-.

23Interactions between chains require a slightly more complex CPU
for our computer, able to look further than just first neighbors when
considering a flip.
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This expression for the Lagrangian indeed gives, upon ex-
tremizing the action integral, the correct actual trajectory

with g/t = n(Q — q)/(T — 1).

6.5 The string as an extended system

We shall now look at a chain of indefinite length undergoing
harmonic motion as a spatially extended system.

If we denote by IC, U, H, and L the densities of respec-
tively kinetic energy, potential energy, total mechanical en-
ergy (Hamiltonian), and Lagrangian, the correspondence
with analytical mechanics for the harmonic chain, given by
(15) and (17), is completed by setting

K =% H=K+U,
]2 and (23)
U=rpop, L=K-U,
whence
_ 1
H=j5"+p" =5 (P2 +02), (24)
L=j"=p"=—p_p_. (25)

We can now go back and forth between the two levels,
and find the microscopic interpretation, in this computa-
tional model, of the usual macroscopic concepts. For ex-
ample, the quantity p represents the amount of stretch of
the chain from the flat configuration in which links are ran-
domly oriented up and down—and its square represent the
energy stored in this “spring”. The quantity j represents
the momentum of the string (the difference between the
number of the “valleys”, where the chain moves up, and
that of “peaks”, where it moves down), and its square rep-
resents the energy stored in the “inertia”. The sum of these
squares is of course the total mechanical energy H, which
from the rightmost equality in (24) can also be seen as the
sum of the energies of the two traveling waves p_, and p..

For a combinatorial interpretation of H, consider a piece
of chain of length m and proceed as in (21), but with pT,
and pt more generally given by

(L+p-)/2,
(L+p-)/2.

I

Ja

oF (26)

(

We obtain

m m

)

ptm /) \ptm

or

) = —H + constant.

Thus, in this model of the elastic string, the energy
J H(z)dz measures, on a log scale, the number of micro-
scopic chain configurations compatible with a given macro-
scopic assignment of positions and velocities. A low-energy
state is “cheap” because it is “common”—there are so
many ways to achieve it. Conversely, high-energy states are
“rare”. In fact, the four states of maximal energy (j = 0,
p = =+1, as in Fig. 10a; or j = 1, p = 0, as in Fig. 10c,d)
are each represented by a single microscopic configuration.



Since the underlying cellular automaton is micro-
scopically reversible, its fine-grained entropy is strictly
constant—rare states map into rare states, common ones
into common ones; in this model, thence, energy conser-
vation is just a macroscopic expression of microscopic re-
versibility.

Note that H depends on the coarseness of graining; vi-
brations of a wavelength shorter than this grain do not con-
tribute to ‘H, and may be viewed as thermalized degrees of
freedom.

From (25), the wave equation (17) follows immediately
by the Euler-Lagrange equation

d oL
At 994 " dr 999
dt 83—;1 dx 88_3

d oL

0. (27)

By (25), £L = —p_p—. Expanding p_ p_ by (20) yields

p—p—=(prpl +p2p2) = (pLp_ +p=pt).  (28)
In the above equation, the four terms in parentheses repre-
sent the probabilities that two consecutive chain links, the
first from p_, and the other from p., form

pt.pt  a+1 slope
p—.p_ a —1slope
pLp_ aridge
p-pT  avalley

(cf. Fig. 10).

If a chain’s evolution obeys the permissive rule, a ridge
yields a downward flip (cf. Fig. 8); a valley, an upward flip;
and £1 slopes yield a rest. Thus, on any small patch of a
proposed macroscopic spacetime history,

Lactual = density of flips — density of rests

(29)

= 2(density of flips) + constant.

Consequently, given spacetime boundary conditions for the
macroscopic string configuration (e.g., the entire string at
to and t1), the histories that are actual solutions of the
permissive dynamics are those that fill in the intervening
spacetime area with the least number of flips.

By the same token, the actual solutions—always for the
permissive dynamics—are those that maximize the number
of rests. Now, in this dynamics, the rests points are all and
only those spacetime points where no motion was possible
to begin with, because of kinematic constraints. Thus a
rest is a point where witholding permission would not have
made any difference! For any particular rest point in any
particular history, a table with a 0 at that point instead
of a 1 would have given the same history; consequently,
that history is also a trajectory of this variant table. In
conclusion, the actual data flow is that which maximizes the
number of possible tables that would have given the same
data flow—in other words, it is the flow that is maximally
indifferent to the rule.

Actually, what we have called a “permissive” rule because
permission to flip is alwasy granted is really a prescriptive
rule—If you can flip, you must! For an analogy, imagine a
mythical country where the law essentially says, If you are
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in a position to pay taxes then you must! Well, in that coun-
try it happens that the citizens, left to their own devices,
naturally find all ways to do essentially the same things
they would like to do, but without putting themselves in
a position to have visible taxable income. Of course, I am
talking about a mythical country.

The above intuitive comments are not about Lagrangian
behavior in general; they are about the way the Lagrangian
policy expresses itself in the highly distinguished case of the
“flip-when-you-can” table. For other dynamics, the corre-
spondence rules between microscopic rule, path statistics,
and emergent behavior may well be more subtle and harder
to interpret. Nonetheless, one hopes that examples of this
kind will help understand how concepts are connected and
why.

7 Action as computation capacity

Intuitively, we would like to define the “computation ca-
pacity” of a programmable machine as the number (on a
log scale, for a number of practical reasons) of distinct be-
haviors the machine can achieve over the range of possible
settings of the machine or programs. While different be-
haviors must come from different programs, two or more
programs may yield the same behavior. We are interested
in measuring the variety of actual behaviors, as constrasted
to the variety of settings. For example, a “ten-speed” bicy-
cle has two levers, one with two settings (A and B) and one
with five, giving ten settings overall. However, the A and
B gear-ratio ranges overlap, as indicated in Fig. 13, giving
a smaller number of effectively distinct “speeds”.

10 8 6 4 5
A 20| 2 25 33 4 5
B 24124 3 4 4.8 6
28 et .
2 3 4 5 6

Figure 13: In a “ten-speed” bicycle, the two five-speed ranges
substantially overlap, giving fewer than ten effectively distinct
gear ratios. Here there are only nine distinct ratios, and, on a
coarser grain, only six or seven practically different “speeds”.

Just as Shannon proposed a way to quantify “variety of
state”, and appropriately called it entropy as a natural gen-
eralization from physics, here we propose a way to quan-
tify “variety of behavior”, and we choose to call it action
because we surmise that the well-known physical quantity
called ‘action’ is but a special case of this. In the same sense
as entropy measures (or defines) “amount of information”,
so action measures (or defines) “amount of computation”.

It was not Shannon that invented entropy—that had been
done by Clausius—or connected it with the number of mi-
croscopic states or “complexions” of a system—that was
done by Boltzmann. Shannon’s originality was to abstract
those aspects of the “incompleteness of description” of a
system that can be quantified in a universal and objective
way. In brief, entropy is a property of a distribution: give
me a distribution—from any discipline—and it will have an



entropy. The entropy of the state of a physical system is a
special case of this, insofar as that state can be identified
with a distribution. Change the information about the sys-
tem and the distribution will change even if the system has
not changed, and the entropy will correspondingly change.
Thus entropy is not, strictly speaking, a quantity, but an
operator—or a recipe, if you wish—which yields a number
when applied to a certain scenario. Without any contradic-
tion, to one and the same system there may be associated
several quantities all having the “dimension” of entropy,
just as a desk may be described by several parameters all
having the dimension of “length”, namely its length, height,
depth, etc. In sum, entropy is a yardstick for measuring a
certain type of quantity. Similarly, to a given computational
scenario there may be associated many quantities all having
the “dimension” of action. Action is another yardstick, for
measuring another type of quantities.

In physics, as well as in more abstract settings, one can
speak of “state” before introducing a dynamics; in fact, one
can compare different dynamics operating on the same state
set. Thus entropy, thought of as amount of incompleteness
in the specification of a system’s state, is meaningful inde-
pendently of dynamical considerations: the subject matter
of entropy is state. The subject matter of action is a concept
that is dual to that of state, namely, law: action is meant to
measure the amount of incompleteness in the specification
of a system’s law. Ultimately, a dynamics can be defined,
extensionally, by just listing the set of trajectories or his-
tories that are “legal” or compatible with that dynamics,
contrasted with all other potential trajectories or histories.
Therefore, “uncertainty as to trajectory” and “uncertainty
as to law” are related concepts.

Consistently with the more abstract setting we would like
to establish, it will be convenient to use the terms “com-
puter”, “program”, and “computation” as an alternative to
“system”, “dynamics”, and “trajectory”.

We define in a most general way a computer as a prob-
ability distribution over a family H of “computational his-
tories” (we will specify in a moment what kind of mathe-
matical object H is). Without any qualifiers, the action of a
computer is defined as the entropy of this distribution. Any
conditioning of this distribution leads to a new distribution,
and thus, technically speaking, to a new computer. Thus,
action can be seen as the operator that associates to any
conditioning of a distribution of histories the entropy of the
corresponding conditioned distribution.

If we wish, we may choose two mutually independent sets
of random variables over H, one collectively called the pro-
gram and the other the input, and a third set called the
output, and consider the marginal distributions over these
sets. These are just narrower ways to define a computer;
that is, an input/output relationship ignores all internal
details and characterizes a computer purely in terms of the
function it computes—a “black box”; a program is just a
set of switches used to parameterize this function.

What is a history? Let a network G (Fig. 14) be an
acyclic, directed, colored graph. That is, G consists of a
collection of arcs called signals and a collection of nodes
called events. To each arc there is associated a set called its
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state alphabet (this is an arc’s “color”). To each node there
are associated a set of signals called its inputs and a set of
signals called its outputs. If a signal ¢ is an input of a given
node and a signal j an output of the same node, j is said to
be later than j. We require the relation ‘later’ to be a partial
order (this is the meaning of “acyclic”). If the network
is finite, since the graph is acyclic some signals will not
be inputs of any nodes—these are the network’s outputs;
similarly, the inputs are those signals that are not ouputs of
any nodes. A network’s history is simply an assignment of
states to every arc, each taken from the arc’s state alphabet.

6] ) (6] ) 1
(0}
1
1 [0) [0)
N N

Figure 14: A network with a particular history on it. While
each arc has a state alphabet associated with it (for instance,
the Boolean set {0, 1} for all arcs), no properties are assigned to
nodes. A computer is defined by a distribution on the set of all
possible histories.

To visualize the above definition, a network can be imag-
ined as an ordinary combinational network (Fig. 14) in
which all information about the nature of the gates has
been erased, and only the nature of the signals (e.g., bi-
nary) and their interconnection topology has been retained.
A network turns into a computer as soon as we assign a
distribution over its histories. A computer may be deter-
ministic, invertible, local, etc., depending on the specifics
of this distribution.

We shall immediately illustrate the above definitions with
an example, namely the “canonical” computer, consisting
of an ordinary PROM (Programmable Read-Only Memory)
or EPROM (Erasable PROM). This is a network consisting
of a single node with m input lines called collectively the
address, n output lines called the output, and k more input
lines (where k = n2™) called the program. The distribution
of an ideal PROM is the following. Write the program as a
table of 2™ rows and m columns. For every program p
(i.e., an assignment of binary values to all k& program lines)
and address x, take the 2™ histories corresponding to the
possible values of the output y, and mark that in which y
coincides with the zth row of p (the collection of marked
histories represents the “correct” behavior, as per specs,
of the ROM). Finally, assign equal weights to all marked
histories (there are 2™ ** of them) and normalize to 1, giving
0 weight to all others.

What is the action A, or the “computational worth”, of
this canonical computer? Using base-2 logs for evaluating
entropy, we get

A=k+m=n2"+m.

The overwhelming contribution is given by n2™, which is
simply the number of PROM program bits; this is the log
of the number of distinct functions that our computer can
compute, or the number of “different things it can do”.
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Figure 15: The PROM as a canonical computer, with m lines of
address z, n lines of output y, and n2" bits of program p.

The small correction m is proportional to the depth of the
addressing decoding tree.

Note that in a real PROM chip the programmable bits
take up most of the chip’s real estate; the decoding tree
occupies a much smaller area and consists of a fixed—
nonprogrammable—gates. Thus, our estimator A of com-
putational worth is fully consistent with the market reality,
where PROM chips of different organization (for example, 32-
vs 8-bit wide) but with the same number of programmable
bits and the same speed have essentially the same size, cost
essentially the same, and have a comparable market share.
We started with an abstract, model-independent definition,
which did not know about transistors, area, speed, etc., and
we ended up with a gauge that makes perfect sense.

Suppose now that we want to estimate the degradation
of computational worth if the chip becomes less-than-ideal;
for instance, a stuck address or output line, a stuck program
bit, a probability of error in programming, addressing, or
read-out—or even a change in the distribution of possible
address patterns (e.g., three-quarters of the accesses are
expected to be in the lower half of the address range). We
just modify the probability distribution so as to reflect the
new information about the “law” embodied by the chip and
the usage context, and from the same formula we get the
action of the new situation.

Finally, we can ask problems of the following kind. Given
a certain macroscopic specification of a computational task,
for example, an input/output relationship defined in terms
of a joint input/output distribution, and given a certain
computer as defined here, what is the mutual information
between the two? In other words, how much do we have
to condition the computer’s distribution in order to obtain
that particular input/output distribution? Returning to or-
dinary parlance, just as a computer is powerful if there are
a lot different things that it can do, a computational task is
easy if there are a lot of different ways to write a program for
it. In this scheme of things, if my interpretation of analyti-
cal mechanics as emergent from an underlying fine-grained
dynamics is correct, the action obtained by integrating the
Lagrangian of a dynamics over a particular proposed tra-
jectory tells us how “natural” that particular trajectory is
for that dynamics—how good the fit between the two is.
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